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Bound states in the continuum (BIC), i.e. normalizable modes with an energy embedded in the continuous
spectrum of scattered states, are shown to exist in certain optical waveguide lattices with PT -symmetric defects.
Two distinct types of BIC modes are found: BIC states that exist in the broken PT phase, corresponding to
exponentially-localized modes with either exponentially damped or amplified optical power; and BIC modes
with sub-exponential spatial localization that can exist in the unbroken PT phase as well. The two types of
BIC modes at the PT symmetry breaking point behave rather differently: while in the former case spatial
localization is lost and the defect coherently radiates outgoing waves with an optical power that linearly
increases with the propagation distance, in the latter case localization is maintained and the optical power
increase is quadratic. c© 2018 Optical Society of America
OCIS codes: 230.7370, 000.1600
In 1929 von Neumann and Wigner suggested [1] that cer-
tain potentials could support spatially localized states
with an energy embedded into the continuum spectrum
of scattered states, so-called bound states in the contin-
uum (BIC). However, BIC states are generally fragile,
require specially tailored potentials, and are thus of dif-
ficult observation in quantum systems. Photonic struc-
tures, allowing robust control of parameters, turned out
to be very promising for the observation of BIC states
[2–5]. In fact, the observation of photonic BIC states have
been reported recently by a few groups using waveguide
arrays [6–8] and photonic crystals [9]. Most of previous
studies on BIC states have been limited to consider Her-
mitian (i.e. non-dissipative) systems. In recent years, a
growing interest has been devoted to study light prop-
agation in so-called PT -symmetric optical structures,
which comprise balanced regions of gain and loss. The
notion of PT symmetry, originated within the context of
quantum field theories [10], has been introduced in op-
tics as a new paradigm to mold the flow of light [11–14],
enabling to realize unusual and previously unattainable
light propagation features (see, for instance, [12, 14–19]
and references therein). In the framework of PT op-
tics, linear bound states sustained by defects in other-
wise periodic lattices have been investigated in a few re-
cent works [20,21]. Such states generally fall in a forbid-
den lattice band [20], like in Hermitian lattices. However,
in a recent work [21] it has been shown, both theoret-
ically and experimentally, that BIC states can arise in
the broken PT phase. Such states, that we will refer to
as type-I BIC, are exponentially localized in space and
are exponentially damped or amplified along the propa-
gation distance. As the PT symmetry breaking point is
approached from above, type-I BIC modes cease to be
localized, however they can coherently radiate outgoing
waves [21] as a signature of a spectral singularity, like in
a lasing medium at threshold [16, 22]. So far BIC states
in the unbroken PT phase have not been predicted yet.
In this Letter we show that, besides (most common)
type-I BIC states found in the broken PT phase, a novel
type of BIC modes, referred to as type-II BIC, can arise
in specially-tailored optical lattices. As opposed to type-
I BIC, type-II BIC exist above and below the PT sym-
metry breaking, show a lower-than-exponential spatial
localization, and behave rather differently than type-I
BIC modes at the symmetry breaking point.
We consider light propagation in an array of
evanescently-coupled optical waveguides, which is de-
scribed by standard coupled mode equations
i
dcn
dz
= κncn−1 + κn+1cn+1 + Vncn ≡ Hcn (1)
where cn = cn(z) is the amplitude of the guided mode at
lattice site n and propagation distance z, κn is the cou-
pling constant between waveguides n and (n−1), and Vn
is the complex optical potential at site n. The potential
Vn accounts for both propagation constant shift (the real
part of Vn) and gain/loss (the imaginary part of Vn) in
waveguide n. PT invariance requires κ−n = κ∗n+1 and
V−n = V ∗n . In this case, eigenvalues of the matrix system
H are either real-valued or pairs of complex-conjugate
numbers: in fact, if c¯n is an eigenstate of H with eigen-
value E, Hc¯n = Ec¯n, then c¯
∗
−n is also an eigenstate of
H with eigenvalue E∗. The Hamiltonian H is assumed
to depend on a control parameter g, which measures the
strength of non-Hermiticity (g = 0 for the Hermitian
case). While at g = 0 the spectrum of H is entirely real,
as g is increased a threshold value g = gth is gener-
ally found, above which pairs of complex conjugate en-
ergies emerge. Such a point is usually referred to as the
PT symmetry breaking point. We consider here the case
where a PT -symmetric defect is introduced in an other-
wise homogeneous and Hermitian lattice, i.e. we assume
that Vn → 0 and κn → κ as n → ±∞, where κ is the
homogeneous real-valued coupling constant far from the
defective region.
Defective type-I BIC modes, such as those studied
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Fig. 1. (Color online) (a) Schematic of a homogeneous lattice
with two site impurities at waveguides n = ±1, [Eq.(2) in the text].
(b) Behavior of the energy spectrum (eigenvalues of the matrix H
normalized to the coupling constant κ) for ∆/κ = 0.3 and for
increasing values of g/κ. The shaded region depicts the energy
band of scattered states (real eigenvalues). The solid and dashed
curves are the real and imaginary parts, respectively, of bound
state energies. For small values of g/κ (below <∼ 0.457), there is
one BOC state with a real-valued energy which falls just outside
the upper band edge. PT symmetry breaking occurs at gth/κ ≃
0.752, above which two type-I BIC modes with complex conjugate
energies emerge. (c) Amplitude distribution (|c¯n|) of the amplified
type-I BIC mode for g/gth = 1.08 (curve 1), g/gth = 1.2 (curve 2),
and g/gth = 1.5 (curve 3). (d) Lattice spectral transmittance for
g/gth = 0.5 (curve 1), g/gth = 0.8 (curve 2) and g/gth = 0.9 (curve
3). The resonance peak occurs at q = q0 ≃ 0.161pi. (e) Evolution of
beam intensity and (f) of normalized total beam power P (z)/P (0)
for initial excitation of waveguide n = 0 at the symmetry breaking
transition.
in Ref. [21], are rather common and can be found in
very simple lattice models. Less common are type-II
BIC states, which exist below, at and above the symme-
try breaking point. In this Letter we will consider two
examples of waveguide lattices with PT -symmetric de-
fects, which show very different scattering and amplify-
ing properties as a result of the different nature of their
BIC states.
First example. Defective lattice with type-I BIC. As a
first example, let us consider one of the simplest lattice
model with a PT -symmetric defect, corresponding to a
uniform lattice with two site potential defects [23, 24],
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Fig. 2. (Color online) (a) Behavior of the hopping rates κn (for
n 6= 0, 1) of the inhomogeneous lattice defined by Eq.(4). (b) Be-
havior of the energy spectrum of H for increasing values of g/κ.
The shaded region depicts the energy band of scattered states (real
eigenvalues). The solid and dashed curves are the real and imag-
inary parts, respectively, of bound state energies. PT symmetry
breaking occurs at gth/κ = 1, above which two type-I BIC modes
with complex conjugate energies emerge. The type-II BIC mode
with energy E = 0 exists for any value of g. (c) Amplitude distribu-
tion (|c¯n|) of type-II BIC mode at g = gth. (d) Lattice spectral
transmittance T (q) for g/gth = 0.5 (curve 1), g/gth = 0.9 (curve 2)
and g/gth = 0.99 (curve 3). (e) Evolution of beam intensity and (f)
of square root of normalized total beam power (i.e.
√
P (z)/P (0))
for initial excitation of waveguide n = 0 at the symmetry breaking
transition.
namely
κn = κ, Vn = σδn,−1 + σ∗δn,1, (2)
where σ = ∆ + ig is the complex potential, accounting
for propagation constant mismatch ∆ and gain/loss g
of waveguides at the defective sites n = ±1 [Fig.1(a)].
For such a simple lattice model bound states with expo-
nential spatial localization, either inside or outside the
lattice band (−2κ, 2κ) of Bloch modes, can be found in
a closed form by standard methods. For a fixed and rela-
tively small value of the normalized index detuning ∆/κ,
the spectrum of H for increasing values of normalized
gain g/κ shows the typical behavior depicted in Fig.1(b).
For low values of g/κ, there is a single bound state with
2
a real energy outside the lattice band (i.e. an ordinary
bound state outside the continuum, BOC). As g/κ is in-
creased, the spectrum remains real-valued but the BOC
disappears, until the PT symmetry breaking threshold is
reached at g/κ = gth/κ. Above the symmetry breaking
threshold, a couple of bound states with complex con-
jugate energies, embedded in the lattice band, emanate
at some real energy E0 = 2κ cos q0, with a localization
length that diverges as g approaches gth from above, see
Fig.1(c). These are precisely type-I BIC modes, previ-
ously observed in Ref. [21] in a defective mesh lattice.
For an initial excitation of the lattice at site n = 0, for
g > gth light trapping is observed near n = 0 owing to
the existence of the bound states, and the optical power
exponential increases with the propagation distance as
a result of the broken PT phase (complex energies). In-
terestingly, at the PT symmetry breaking point light is
no more trapped near n = 0 because of the disappear-
ance of type-I BIC modes, however undamped coher-
ent emission of outgoing waves from the defective region
is observed; see Fig.1(e). Note that the local intensity
|cn(z)|
2 remains bounded while the optical beam power
P (z) =
∑
n |cn(z)|
2 increases linearly with z as a result
of outgoing wave emission; see Fig.1(f). Such a result,
which was observed in Ref. [21], is the typical behavior
of PT symmetry breaking associated to the appearance
of a spectral singularity [22, 25]. This can be seen by
looking at the behavior of the spectral transmission and
reflection coefficients of the lattice across the defective
region. The spectral transmission coefficient t for a Bloch
wave with wave number q can be readily calculated by
standard methods and reads
t(q) =
i sin q exp(2iq)
∆ + i sin q − |σ|2 cos q exp(2iq)
. (3)
A typical behavior of the spectral transmittance T (q) =
|t(q)|2 for a few values of g/gth < 1 is shown in Fig.1(d).
Note that a strong resonance peak near q = q0 is found,
which narrows and diverges as the symmetry breaking
point is approached. This is a clear signature of a spectral
singularity [25] and it is a typical scenario of a lasing
instability that arises in an active optical cavity [22].
Second example. Defective lattice with type-II BIC.
Type-II BIC modes, which exist in the unbroken PT
phase, have not been discussed so far. Like for Hermitian
lattices [5, 7], such states are expected to show a lower
than exponential localization and to arise in specially-
engineered lattices, i.e. they are much less common than
type-I BIC. An example of a PT symmetric lattice that
sustains type-II BIC is provided below. We assume a
lattice with vanishing potential, i.e. Vn = 0, and with
inhomogeneous coupling constants given by
κn
κ
=
{ √
(n+ 1)/(n− 1) n even , n 6= 0 κ0 = −ig√
(n− 2)/n n odd , n 6= 1 κ1 = ig
(4)
where g > 0 is a real-valued parameter. The behavior of
κn is shown in Fig.2(a). Note that, since κn/κ → 1 as
n → ±∞, the lattice is asymptotically homogeneous. It
also satisfies the PT symmetry requirement κ−n = κ∗n+1.
The non-Hermitian nature of the lattice arises, in this
case, by the imaginary value of the coupling constants
κ0 and κ1. In coupled optical waveguides, an effective
imaginary coupling constant can be realized by suitable
longitudinal modulation of index and gain/loss terms, as
discussed in Ref. [26]. The inhomogeneous coupling con-
stants κn for n 6= 0, 1 can be readily obtained by judi-
cious waveguide spacing, as demonstrated in Ref. [7]. Nu-
merical analysis of the eigenvalues of the matrixH shows
that the energy spectrum is real-valued for g ≤ gth = κ,
i.e. PT symmetry breaking occurs at gth = κ. In the un-
broken PT phase (g < gth), the energy spectrum com-
prises, in addition to the continuous spectrum (−2κ, 2κ)
of scattered states of the asymptotic homogeneous lat-
tice, one BIC mode with algebraic localization at the
energy E = 0, i.e. a type-II BIC [see Fig.2(b)]. It can be
readily checked from Eqs.(1) and (4) that the BIC mode
is given by (apart from a normalization factor):
c¯n =


0 n odd
κ/g n = 0
n
|n|
in+1√
n2−1 n even, n 6= 0
(5)
In the broken PT phase (g > gth), two additional type-I
BIC modes, which complex conjugate energies and van-
ishing real part that emanate from E = 0, are found
[see Fig.2(b)]. Such additional BIC states have the same
properties as those found in the previous example, and
are thus not discussed here anymore. Note that type-II
BIC mode [Eq.(5)] does exist below, at and above the
symmetry breaking point, and that by varying the g pa-
rameter the amplitude of the n = 0 site solely is modi-
fied. A typical behavior of the amplitude distribution |c¯n|
of type-II BIC mode is shown in Fig.2(c). At g = gth,
it can be shown that the lattice (4) belongs to a rather
general class of non-Hermitian lattices that can be syn-
thesized from the homogeneous lattice κn = κ, Vn = 0
by a double discrete Darboux (supersymmetric) trans-
formation; mathematical details are rather cumbersome
and will be given elsewhere [27]. Here we mention two
important results of the analysis, which show that the
scattering and amplifying properties of lattice (4) at the
symmetry breaking point are very distinct than those of
lattice (2):
(i) The supersymmetric transformation ensures that the
spectral transmission across the defective region, at any
energy E 6= 0 (i.e. Bloch wave number q 6= π/2), ap-
proaches unity as g → g−th [t(q) = 1 for q 6= π/2], i.e. the
lattice becomes reflectionless as the symmetry breaking
point is approached. This is clearly shown in Fig.2(d),
which shows the numerically-computed spectral trans-
mittance T (q) for a few values of g/gth < 1. Note that
T (q) shows a dip (rather than a resonance, as in the pre-
vious example) near q = π/2; as the symmetry break-
ing point is attained, the dip narrower and one obtains
T (q) = 1 for q 6= π/2.
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(ii) At the symmetry breaking point, the energy E = 0
is an exceptional point in the continuous spectrum [28].
Exceptional points in the continuous spectrum (not to
be confused with more common exceptional points in
finite-dimensional non-Hermitian systems and with spec-
tral singularities in non-Hermitian systems with purely
continuous spectrum) and their mathematical proper-
ties have been discussed for the continuous Schro¨dinger
equation by Andrianov and Sokolov in Ref. [28]. The cir-
cumstance that E = 0 is an exceptional point in the con-
tinuum means that there exists an associated function fn
to type-II BIC mode c¯n, which is limited at n→ ±∞ and
given by fn = −(i/2) sin(nπ/2), satisfying the equation
Hfn = c¯n [28]. Hence, at the symmetry breaking point
Eq.(1) is satisfied not only by the stationary solution
cn(z) = c¯n, but also by any (non-stationary) solution
cn(z) = (1− iǫz)c¯n + ǫfn (6)
for any arbitrary value of ǫ. Equation (6) has an impor-
tant physical implication: it shows that at the symmetry
breaking point a small perturbation shaped like the asso-
ciated function fn leads to a secular growth with prop-
agation distance of the type-II BIC state c¯n, with an
optical power P (z) that increases quadratically (rather
than linearly) with z. This is clearly shown in Figs.2(e)
and (f), which depict the evolution along the array of
the beam intensity and total beam power for excitation
of waveguide n = 0 at the input plane.
In conclusion, we have shown that different types of
BIC states can exist in optical lattices with PT sym-
metric defects, and that their nature can deeply modify
the scattering and amplifying properties of the lattice
at the symmetry breaking point. In particular, we have
introduced a defective waveguide lattice which close to
the symmetry breaking threshold is reflectionless and
shows a rather uncommon quadratic amplification law
for the optical power in the guided (BIC) mode, owing to
the appearance of an exceptional point in the continuum.
The author acknowledges hospitality at the IFISC
(CSIC-UIB), Palma de Mallorca.
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